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Table 7.2 gummarizes the methods used to integrate f ta
fcot”’ xesc" x dx.

techniques are used for

Tat_ﬂe 7.2
[ tan™ x sec” x dx

n even

m odd

m even and 1 odd

SECTION 7.2 EXERCISES

Review Questions
1. State the half-angle identities used to integrate sin? x and cos” x.

2. State the three Pythagorean identities.
3, Describe the method used to integrate sin® x.
4.

Describe the method used to integrate sin” X cos” x for meven
and n odd.
5, Whatisa reduction formula?
6. How would you evaluate feos® x sin® x dx?
7. How would you evaluate [tan'® x sec? x dx?
g, How would you evaluate f sec'? x tan x dx?

Basic Skills
9-12. Integrals of sinx or cosx Evaluate the following integrals.

9, [s‘mixdx 10. fcos”' 2xdx
11. /sinsxdx

121 f cos® 20x dx

13-18. Integrals of sin x and cos x Evaluate the following integrals.

13. /sin2 xcos? xdx 14, /s'm3 xcos® xdx

15. ] gin® x cos 2 xdx 16. f sin™¥? x cos® x dx

17. [sin2 xcos* x dx 18. ]sin3 ycos?? x dx

19-24, Integrals of tan x or cotx Evaluate the following integrals.

19. fta\n2 xdx 20. /6 sec’ x dx
21: [ tan® 4x dx 2% f sec 0 d

23. ] 20 tan® x dx 24, f cot® 3x dx

n™ x sec” x dx. Analogous

Strategy

Split off sec? x, rewrite the remaining even power of sec x in terms
of tan x, and use 4 = tan x.

Split off sec x tan X, rewrite the remaining even power of tan x in
terms of Sec X, and use u = s€c X.

Rewrite the even power of tan x in terms of sec x (0 produce a
polynomial in sec x; apply reduction formula 4 to each term.

25-32. Integrals of tan x and secX Evaluate the following integrals.

25. f sec? xtan'/? x dx 26. [ sec 2 xtan® x dx

4
27, fﬁ%{dx 28. [csc“’xcoﬁxdx

cot”™ x
/4 ‘
29. f sec' 0 do 30. [ tan®0sec'0do
0 3
@[3 w[4 ‘
31. [ cot® 0 db 32. tan’ 0 sec® 6 d0
/6 0 il

Further Explorations -
33, Explain why or why not Determine whether the following state-

ments are true and give an explanation or counterexample.
. e . o™
a. If m is a positive integer, then J; cos? ' xdx = 0.

b. If m is a positive integer, then f; sin” xdx = 0.

34-37. Integrals of cot x,secx, and cscx

34, Use achange of variables to prove that

[eotxdx = In |sin x| + C.
35, Prove that [secxdx = In|secx + tan x| + C. (Hint: Multiph”
aumerator and denominator of the integrand by sec¢ X + tan X388

make a change of variables with . = S€CX + tan x.)

36. Prove that [cscxdx = ~In lesc x + cotx] + C. (Hint: Used
method analogous t0 that used in Exercise 35.) ]
integrﬂl;

%7, Use the results of Theorem 7.1 to find the indefinite
tan ax and sec ax, where @ is a nONZero real number.

38, Comparing areas The region R, is bounded by the graph O
y = tan x and the -axis on the interval {0, /3. The 1€
bounded by the graph of y = sec ¥ and the x-axis on the 115
[0, 7r/6]. Which region has the greater area? ]

39, Region between curves Find the area of the region bouk
the graphs of y = tanx and y = sec x on the interval

40-45. iti i
5. Additional integrals Evaluate the following integrals.

“ V2
40. + 3 4
l xsin’ (x) dx a1, f Wdﬂ

a2
42. f Ay Bl
/6 SNy 43. f /S\W do
-,
a4
44, / tan® 2 I
bsnd xsec” xdx 45, A (1 = cos2x)¥*dx

46-49. Square roots Evaluate the following integrals

/4
46. / 1+ "
_7/4\/ cos 4x dx ‘ 47. ] V1 — cos2xdx

/8
48. f e .
i V1 — cos 8x dx 49, . (1 + cos 4x)¥* dx

50. Sine football Find the volume of the solid generated when the re

gion bounded by the graph = si
; 1 phof y = sin x and -axi i
terval [0, 7] is revolved about the x-axis SRS

51. Are length Find the 1
6 < « < m/a, ength of the curve y = In (cos x)

52. A sine reducti
ion formula Use integrati
Ll . gration by parts to i
following reduction formula for positive integep;s n: SR

sin" xdx = —sin”!
n" " xcosx + - s
(n— 1) [ sin""? x cos® x dx.

T k] .
hen use an identity to obtain the reduction formula

= sat—1
‘/sm"xa!x:_sm XCOSx+n—1 T
n N sin” ™ x dx.

Use thls leduct on fo t ]
llnula Oevaluatﬂ fSlIl xdx

sa- Ata“ e tle aP ()Ve”l Oor positive integer
n
g dUCtlon f()rmul I a I b iti i g 'S

n#1,
=1
Eﬂn’,xdx = tﬂ]l—X b o =
.[ n—1 tan” dex.

U
se the formula to evaluate [y *tan® x dx

A secant
reducti
ction formula Prove that for positive integers

n#1,
n=—2
+ T 1/560"72xdx,

(Hinlf Int
egrate by parts with u = sec” 2x and dv = sec’x dx.)
Am" cati e xdax
tiCations .
3859,

L Integ
three S rals of the form j‘ »
Y 9 1 X co. o 5
: fies to evaluate the given imegr-z;;x dx Use the following

-2
fSCC"diA _ sec"“xtanx
no 1

9

Sinmx sin py = .
X sinny = 5[cos((m = n)x) — cos ((m + n)x)]

my ny = b
; COS ny = E[Sln((m = n)x) + sin ((m + n)x)]

Cos = —l~
nx 2[cos((m = n)x) + cos ((m + n)x)]

7.2 Trigonometric Integrals

55, i
fsm 3xcosTxdx 56. fsin Sxsin7x dx

57. fsin 3xsin2xdx 58 fcos xcos2xd
: xdx

59. P i
rove the following orthogonality relations (which are used

to generate Fouri j
urier series). Assu e i
o ) me m and n are integers with

T

a. l sinmxsinnxdx = 0
ki

b. /0 cos mxcosnxdx = 0

T
¢ ASinmxcosnxdx:O

60. Me jecti
rcator map projection The Mercator map projection was

proposed by the Flemish geographer Gerardus Mercator

(1512-1594). The stretchi
94). ching of the Mercator i
of the latitude 0 is given by the ﬁmctiotﬁ S SRR

0
G(B) =fsecxdx_
0

Graph G for 0 = 0 < 7
X = 2.(8 ] -
tion of this integral.) et SRR RSO S Bl

Additional Exercises
61. Exploring powers of sine and cosine

a. fﬁﬁﬂ ltll:feﬁ:lct[gns fi(x) = sin® x and f,(x) = sin®2x
elier , a7 |. Find the area under these curves
b. (()}:E:El; ?nitfz;vv ;?([);')e of the functi?ns fo(x) = sin®nx
the area under the’s’: ]c’u\:\?:sr?): s
phosisies i [0, 7 ]. Comment on your

c. Prove that J sin’
: o sin’ (nx) dx has t ' .
integers . ) he same value for all positive

d. Does the conclusi o
SORIRED on of part (c) hold if sine is replaced by

e. Repeat parts (a), (b), and i

, (b), and (c) with sin’ x repl in*
- Comment on your observations. e bk
. Challenge problem: Show that form = 1,2,3

m
a
ASinZ"rxd'x:/.COSIm,‘Cdx=77-I.3.5.“(2m_1)
0 QedoGe2m

|QUICK CHECK ANSWERS |

1. 1 Foprics

fsiczos % 3 cos x +C 2. Write [sin’xcos® xdx =

The:rll xcos’xsinxdx = [(1 — cos? x) cos®

fs' : use tI;e substltunqn u = cos x. Or, begin by writin
in® x cos® x dx = ['sin®x cos® x cos x d.x. *

xsinx dx.
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